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1. Introduction 
Which differential manifolds are parallelizable or stably parallelizable? This is 
one of the classical questions of topology. In the present paper, we shall be 
concerned with the stable parallelizability of a lens space; that is, the orbit space 
of a homotopy sphere under a free cyclic group action of prime order. Ewing et 
al. answered this problem for the classical lens space, that is, the orbit space of 
the standard sphere under a linear cyclic group action. 
Theorem (Ewing et al. [3]). The classical (generalized) lens space L’“-‘( p; 
b,, b,, . . . > b,,) is stably parallelizable if and only if 
(i) n up, and 
(ii) b*’ + b2’ + . . . 
I 2 + b? = 0 (mod p) for j = 1,2, . . . , [i (n - l)]. 0 
A k-dimensional compact oriented differentiable manifold is called a topologi- 
cal sphere of dimension k, or simply a k-sphere, if it is homeomorphic to the 
k-dimensional standard sphere Sk. A k-sphere not diffeomorphic to the standard 
k-sphere is said to be exotic. The first exotic sphere was discovered by Milnor in 
1956 [12]. 
Let f(z) be a polynomial defined by 
f(z)=z4’+z12+...+z~;;‘, n>2, 
where a,, a*, . . . , a,,, are integers greater than 1. The associated algebraic 
variety ( = hypersurface) will be written as V,. Since the origin is the only critical 
point of f(z), V, - (0) is a smooth manifold of dimension 2n. The intersection of 
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V, with the (2n + 1)-dimensional standard sphere Szn+’ , 
2, = qa,, a*, . . ) a,,,) = v, n S2n+’ ) 
called a Brieskorn manifold, has been studied by many people (see [2, 5, 151). A 
Brieskorn manifold is called a Brieskorn sphere if it is a homotopy sphere. 
Theorem (Brieskorn [2], Hirzebruch and Mayer [6]). A (2n - 1)-dimensional 
topological sphere bounds a parallelizable manifold if and only if it is diffeomor- 
phic to one of the Brieskorn spheres, where n f 2. 0 
A manifold is (stably) parallelizable if and only if its tangent bundle is (stably) 
trivial. 
The construction of the Brieskorn manifold was generalized by Hamm [4] and 
Randell [15]. Let 
L(Z1,Z2,. . ,Znfm)= C q,z(I’J, i-1,2,. . . ,m 
j=1 
be polynomials having only one critical point at the origin, where the aij are 
integers greater than 1, q, are real numbers, and n > 2. Set 
y={zE@n+m:J;(Z)=O}, 
v, = v, n v, n . . . n v,, , 
-J<, = v ” p++1 
Then V, - (0) is a smooth manifold of dimension 2(n + m) - 2. This _EO will be 
called a generalized Brieskorn manifold, and a generalized Brieskorn sphere if it is 
a homotopy sphere. 
For our purpose, we assume that 
(I) grad f, , grad f2, . . , grad f, are linearly independent at each point in 
V, - {0}, where grad means gradient, and 
(II) 2, is a homotopy sphere (of dimension 2n - 1). 
Remark. Assumption (I) is true if the a,, are independent of i and the real matrix 
(q,) has no zero subdeterminant. Of course, it is easy to choose (ajj) with this 
property. By assumption (I), v, = V, n V, fl . . . f’ V, is a complete intersection 
with its only singularity at the origin, so that dim 2, = 2n - 1. 
For a given prime p, and a topological sphere X0, define a free Z,-action on X0 
as follows: choose natural numbers b, so that a,jb, = h (mod p), h # 0 (mod p) for 
all i, j. Let T(b,, b,, . . . , b,,,) be a map on en+“’ defined by 
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T(b,, b,, . > b,+,,,)(=,, =z> . . . > ~,t+m) 
= (P=*, pz2, . ) pmZ,+J , 
where < = exp(2niip). The map T(b,, b,, . . , b,,,) generates a cyclic group Z,, 
of order p, under which the topological sphere X, is invariant. The orbit space 
zCl:NIZP will be called a lens space, and is denoted by L(p; a; b), where b denotes 
(b,, b?, . . . , bR+,,,), and T(b,, bz, . . . , b,,,,) will be written as T unless there is 
an ambiguity. 
Note that we can assume a,bj = 1 (mod p) for all i, j without any loss of 
generality by choosing a suitable generator of Z,,. 
The lens spaces L( p; a; 6) are studied in this paper by using a method initiated 
in [3], and we will show the following main results: 
Theorem 2.6. A lens space L( p; a; 6) is stably parallelizable if and only if 
(i) n ‘p, and 
(ii) by + b:’ + . . + b#?/+i+m = m (mod p) for j = 1, 2, . . , [ i(n - l)]. 
Theorem 3.1. There exists a stably parallelizable 2n - l-dimensional lens space 
L(p; a; b) if and only if n Sp. 
Theorem 5.1. For p ~5 prime, there is an action T = T(b,, b,, b,, b,, b5) on U?, 
and there are representatives, .X0’s, of all 28 diffeomorphism classes of the 
7-dimensional homotopy spheres as submanifolds of @’ such that the restriction of 
T on each z’, is well defined and all induced lens spaces Z,lT are stably 
parallelizable. 
2. An algebraic characterization of stable parallelizability 
Let Sa = V, fl S2(n+m)~’ be a (2n - 1)-dimensional generalized Brieskorn 
sphere and let 
T(z,, zz, . . , z,,+,) = ( jb’zl, j%z, . . . , ~hJZ+f”z,,+m) 
be the generator of the cyclic group Z,, which acts freely on 2, as before. In [ll], 
the author described the tangent bundle of the lens space L( p; a; b). 
Theorem 2.1 (Kwak [ll]). Let T = 7(L(p; a; b)), and F denote the tangent bundle 
and the trivial one-dimensional real bundle over L( p; a; b) respectively. Then 
T + F + m(re( y)) is isomorphic to 
re(yhl + #J? + . . . + yhl+n?) 
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over L( p; a; b), where y denotes the canonical complex line bundle over 
L(p; a; b), and re( ) denotes the underlying real bundle. 0 
Also, by using the (2n - 1)-universality of the canonical line bundle over a lens 
space and by computing its characteristic classes, he showed 
Theorem 2.2 (Kwak [ll]). The lens space L( p; a; b) is stably parallelizable if and 
only if m(re(r )) is stably isomorphic to 
re(ybl + ybZ + . . . + ybn+m) 
over the standard lens space Lzn+‘( p), where y re resents the canonical line bundle p 
over Lzndl ( p). Furthermore, in this case, we have 
(1 + u’)~ = (1 + b;u’)(l + b;u2) . . . (1 + b;+,,,v’) 
in Z,[u] l(C) = G3 Heven(L2n-1( p); Z,) . q 
In [7], Kambe computed kO(L’“-‘( p)). 
Theorem 2.3 (Kambe [7]). Let p be an odd prime and let q = i (p - l), and 
n-l=s(p-l)+r, OSr<p-1. Then 
and the factors (Zps+l)‘r’21 and (ZpS)q-‘r’21 are generated by o, . . . , CT’~“’ and 
C7’r’2’+’ , . . . 3 uy respectively, where cr = re(-y) - 2. 0 
Lemma 2.4. If the lens space L(p; a; b) is stably parallelizable, then n up. 
Proof. Let L(p; a; b) = J$,/Z, be stably parallelizable, then m(re(r)) is stably 
isomorphic to 
re(ybl) + re(ybz) f.. * + re(ybn+m) 
over the standard lens space L2”-‘( p), which gives 
m(re( y ) - 2) = (re( -y”‘) - 2) + . . . + (re(r”n+m) - 2) 
in E;:ob(L’“‘(p)). Since kO(L’“-‘(p)) is a e ran, we can assume that b, 5 b, 5 b 1’ 
. . . - Il+?tl. Let _Z ’ be the space obtained from _E:, by taking the complex 
conjugate at ith coordinate, then (X:,, T(b,, . . . , bi, . . , b,,,)) is equivariantly 
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diffeomorphic to (x’, T(b,, . . . , p - bi, . , . , b,,,)), and their quotient spaces 
are diffeomorphic. By taking such diffeomorphic copies of x,, if needed, we can 
assume that b, 5 b, 5.. .S b,,, 5 i(p - 1). Since 
(re( y bl) - 2) + (re( y “‘) - 2) + . . . + (re( ybn+m) - 2) 
can be written as a polynomial in (T = re( r) - 2 in I?O(L2”P’( p)), we can set 
mc= ffb ,I +m + ah nim-1 
(T + . . . + a”c7b”+” )
so that (Ye n+tVI _r = m (mod p”), and all other coefficients are divisible by p’. For 
example, (Y,, is a multiple of p’, and (Ye is also the number of bj’s such that 
b, = b,+, in b, 5 6,~ *. .S b,,,, because 
re(ybn+m) _ 2 = &+m + terms of lower degree of (T. 
Similarly, for any b with 1 < b 5 $( p - l), the number of copies of re( y “) - 2 in 
(re(r”‘) - 2) + (re(r”‘) - 2) + . . . + (re(r”n+m) - 2) 
must be divisible by p’. Now let p be the number of copies re(r) - 2 in it, then 
P + P’ = ab,+,-l = m (mod p”), where /? ’ is the coefficient of (T in the polynomial 
of (T for 
(re(-y”‘) - 2) + . . . + (re(r”“+m) - 2) - p(re(r) - 2) 
On the other hand, /3’ is divisible by p’, so p = m (mod p”). Since the total 
number of b,‘s is IZ + m, /3 + hp” = n + m for some h, so n = s(p - 1) + r + 1= 0 
(mod p”). The only possibility is s = 0, or s = 1 and r = 0. In both cases, n - 1 is 
less than p. Cl 
The next lemma will be useful to have for the main theorem. 
Lemma 2.5 (Ewing et al. [3]). Let 5, 77 be oriented vector bundles over a finite CW 
complex X, and suppose that 
(i) dim(X) <2p + 2, p an odd prime, and 
(ii) N4*(X; Z) h as no q-torsion for any odd q <p. 
‘f their Pontrjagin classes P(t), P(q) are equal, then (5 - 7) - (dim 5 - dim 7) E 
KO(X) is a 2-torsion element. 0 
Now, we are ready to get the main theorem. 
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Theorem 2.6. The lens space L( p; a; b) is stably parallelizable if and only if 
(i) n up, and 
(ii) (l+ u*)~ = (1 + bTu*)(l+ b$*) . . . (1+ b~+mu’) in Z,[u]/(v”), or equi- 
valently , 
(ii)’ b2j + b2’ + . . . 1 2 + b?+,,, = m (mod p) for j = 1,2, . . . , [f (n - l)]. 
Proof. The ‘only if’ part comes from Lemmas 2.2 and 2.4. Let us assume (i) and 
(ii). Then the mod p Pontrjagin class of re(my) is equal to that of re(yb’) + 
re(yb2) + . . . + re(ybn+m). By Lemma 2.5, 
re(-(my) + ybl + yb2 +. . . + yba+m) - 2n 
is a_ 2-torsion element in Z?O(L*“-‘( p)). But it is clearly in the image of 
re: K(L’“-l(p))-+ KO(L2”-’ ( p)), which does not contain any 2-torsion element, 
hence it must be a zero element. Therefore, m(re(-y)) is stably isomorphic to 
re(ybl + yb2 + . . . + y’n+m) over L*“-‘(p), and L( p ; a ; b) is stably parallelizable 
by Lemma 2.2. The equivalence of (ii) and (ii)’ follows from Newton’s 
identity. Cl 
Corollary 2.7. Let a lens space L( p; a; b) be defined as an orbit space of a 
Brieskorn sphere. Then, L( p; a; b) is stably parallelizable if and only if 
(i) n up, and 
(ii) bF+b?+...+b?+,=l (modp) forj=1,2 ,..., [$(n-l)]. 0 
It is interesting to compare the stable parallelizability of a lens space L( p; a; b) 
with that of a classical (generalized) lens space L( p; b,, b,, . . , b,). Recall that 
a classical lens space L( p; b,, b,, , . , b,) is defined as an orbit space S2”-‘/ 
T(b,, b,, . . . , b,). 
Let L(p; a; b)= X’,/T(b,, b,, . . . , b,,,) be a fixed lens space, where 
ZZ,,=,,“;_T S2(‘1+m)-1 as before. Then 2, is clearly a submanifold of 
S of codimension 2m, and S2(n-tm)-L is invariant under the action 
T(b,, b,, . . . 3 b,,,, ). Hence, the lens space L(p; a; b) is actually imbedded in 
the classical lens space L2(“fm)~1(p; b,, b,, . . . , b,,,,). 
Corollary 2.8. Let L(p; a; b) be naturally imbedded in a classical lens space 
L 2(n+m)m1 (p; b,, b,, . . . , b,,,) as above, and let Y be its normal bundle. Then 
(i) If m = 0 (mod p), then L(p; a; b) is stably parallelizable if and only if 
L(P; b,> b,, . . . , b,+, ) is stably parallelizable. Furthermore, the normal bundle v 
is stably trivial in this case; 
(ii) Zf m # 0 (mod p), then at most one of L(p; a; b) and 
L(P; b,, b,, . . . > b,,,,,,) can be stably parallelizable, and normal bundle v cannot 
be stably trivial. 0 
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3. The existence of a stably parallelizable lens space 
In this section, we prove the following existence theorem of stably paralleliz- 
able lens spaces: 
Theorem 3.1. There exists a stably parallelizable (212 - 1)-dimensional lens space 
L(p;a;b)ifandonlyifnsp. 
As a necessary condition for a lens space L( p; a; b) to be stably parallelizable, 
there must be a solution to the system of equations 
b*’ + b2’ + . . 
1 2 . + by+,,, = m(modp), j-1,2 ,..., [&(n-l)], 
over the field 2,) and the existence of their common solution comes from the next 
lemma. 
Lemma 3.2. Let p 2 n 13 and let q = [ $(n - l)]. Then there exists at least one 
common solution (x,, x,, . . . , x,+,) with each xi f 0 in Z,, to 
I Xf -I . . . + X: + . . . + xz+, = m (mod p) , 
I 
XT + . . . + xt + . . * + xz+, = m (mod p) , 
. . . 
Xl 
2q + . . . + x? + . . . + x?+, = m (mod p) , 
(1) 
.for some m 2 1. 
Proof. If n = p, then X, = x2 =. . . = x,+, = 1 is a solution for any m 2 1. Let 
n <p, and let c1 = 1, c2, . . . , cc,_ 1j,2 be the quadratic residue in Z,. Since each 
equation in (I) is homogeneous of even order, the system (I) can be reduced to 
the following system: 
(II) 
I 
y, + y2+...+ Y(p-I,/2 ==n+m, 
Y, + c2y2 + . . . + c(,~l),2~~P~l)12 = m (mod P) ) 
Y, + c:y, + . . . + cfp-1~12~~p-1~,2 = m (mod P) , 
I . . . 
I Y, + ~24~~ +. *. + c&,j,2~CPPlji2 = m (mod P) . 
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Indeed, each yj in the system (II) represents the number of xi’s with xf = cj 
(mod p) in the system (I), so that the first equation in (II) must be added. Now it 
is enough to show the existence of a solution to the system (II). To do this, it can 
be considered as a system of equations in the field ZP, hence it is needed to 
change the first equation in (II) to the equation in ZP, i.e., 
y, + y, + . *. + Y(~-~),~ = n + m (mod p) . 
If the system (II) with this equation instead of its first equation, say (II)‘, has a 
solution, then (II) has a solution ( yl, y,, . . . , Y(~_~),~) with 
y, + y, + * * . + y(p_l)i2 = n + m + kp 
for some k. By taking a sufficient large number y,, i.e., adding more variables xj 
with _x; = c1 = 1 (mod p) in the system (I), we can assume that k 2 0, and then (I) 
will have a solution with m + kp, k 2 0 instead of m. First, consider the case of 
q + 1 = $( p - l), then the coefficient matrix of the system (II)’ has a nonzero 
Vandermonde determinant. So it has a solution. The remaining case of q + 1< 
i( p - 1) can be proved by the same method by taking 
Y q+2 = Y,+3 = *. . = y(P_1)/2 = 0. q 
Proof of Theorem 3.1. Note that necessity is known, and all one- and three- 
dimensional lens spaces are parallelizable. For sufficiency, let 3 5 IZ I p. By 
Lemma 3.2, there are m 2 1 and b,, b,, . . . , b,,, nonzeros in Z,, such that 
b21 + b2’ + . . 
1 2 . + by+,,, = m(modp), j=1,2 ,..., [$(n-l)]. 
We can choose distinct prime numbers a,, u2, . . . , an+,,, so that ajbj = 1 (mod p) 
for all j. Now, one can construct m polynomials 
fi(z,, z,, . . . , z,+,) = ,z (Y~~z~~J , i = 1,2, . . . , m 
with aij = a, for all i and sufficient real numbers aij so that the matrix (aij) has no 
zero subdeterminant. Then, by Hamm’s theorem [4, Satz 1.11, 
2 = v, n v, n . . . n v, n S2(n+m)-1 , 
where V, =f_‘(O), is a (2n - l)-dimensional topological sphere, and clearly 
grad f,, grad f2, . . , , grad f,,, are linearly independent. Hence, we are done by 
Theorem 2.6. 0 
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Remark. Theorem 3.1 does not hold for the classical lens spaces. For a classical 
lens space, the corresponding polynomials are 
b:’ + b? +. . .+b:=O(modp) forj=1,2,...,[$(n-l)]. 
These equations have no common solutions generally. For example, such nonex- 
istence of a common solution is given by the following result [3, Corollary 2.31: 
“If p = 1 (mod 4), &( p + 1) 5 II <p, and n is odd, then no classical lens space 
L(p; b,, b,, . . . , b,) of dimension 2n - 1 can be stably parallelizable.” 
4. Spaces L(k; a; 6) for any integer k > 1 
Note that one can define a lens space L(k; a; b) as before for any positive 
integer k greater than 1 (not necessarily prime). The tangent bundle 7 of such a 
lens space L(k; a; b) can also be described as follows: r + E + m(re(r)) is 
isomorphic to 
re(ybl + ybZ + . . . + ybn+m), 
where E is the one-dimensional trivial bundle, and y is the one-dimensional 
complex line bundle over L(k; a; b). 
Throughout, we write k=p’;‘p;2.‘.p:; p,<p2<...<psr r,zl in its prime 
factorization. 
First, note that L(pi; a; b) is a covering space of L(k; a; b). 
Lemma 4.1. Let E, M be smooth manifolds and let r: E- M be a covering 
projection. If M is stably parallelizable, then so is E. 
Proof. Trivial, because the induced bundle of the tangent bundle of M under the 
covering projection 71 is the tangent bundle of E, and the induced bundle of a 
trivial bundle is trivial. 0 
Recall that the Lie group Spin(n) is a double covering of the Lie group SO(n). 
An oriented smooth n-dimensional manifold M is a Spin manifold if the structure 
group SO(n) of its tangent bundle can be lifted to Spin(n). It is well known that 
M is a Spin manifold if and only if its second Stiefel-Whitney class w,(M) E 
H*(M; Z,) is zero. For example, all stably parallelizable lens spaces are Spin 
manifolds. 
Note that the real projective space L(2; a; b) is parallelizable (or stably 
parallelizable) only when its dimension is 1, 3, or 7. 
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Theorem 4.2. A (2n - 1)-dimensional lens space L(k; a; b) is stably parallelizable 
if and only if 
(i) b’l + b2’ + . . . 
1 2 + b:+,,, = m (mod k), j = 1,2, . . , [ i(n - l)] and 
(ii) ifp,=2, thenn=1,2,0r4andrI=l,.ifp,#2, thenn-l<p,. 
Proof. Necessity. Let L(k; a; b) be stably parallelizable. Then (i) follows from the 
vanishing of its Pontrjagin classes. If p1 > 2, then L(p,; a; b) is also stably 
parallelizable, hence n - 1 <pl by Theorem 2.6. Let p, = 2. Then L(2; a; b) is 
stably parallelizable, so that its dimension 2n - 1 is 1, 3, or 7, i.e., n = 1, 2, or 4. 
Now, by Lemma 4.1, it remains to show that a 7-dimensional lens space 
L(4; a; b) can not be stably parallelizable. Suppose that such a lens space 
L(4; a; b) were stably parallelizable, then, by the same arguments as in the proof 
of Lemma 2.4, we have 
m(re( y ) - 2) = (re( ybl) - 2) + . . . + (re( ybq+m) - 2) 
in I?O(L’(4)), where 15 bi 5 2 for all j. But bj must be relatively prime to 4, so 
that all b, are 1. Hence 4(re(y) - 2) = 0 in i?O(L’(4)), but re(r) - 2 generates a 
cyclic subgroup of order 8 of kO(L’(4)) (see [9]). Hence L(4; a; b) is not stably 
parallelizable. 
Sufficiency. It is sufficient to show that m(re(r)) is stably isomorphic to 
re(ybl) + re(yb2) + . . . + re(ybn+m) , 
over LznP (k). Let p1 >2 and n - 1 <pI. Since Z?(L*“-l(k)) has no 2-torsion for 
any odd k, this can be done by the same proof of Theorem 2.6. Let p1 = 2. Since 
every l- or 3-dimensional lens space is stably parallelizable, it is necessary to 
consider only the case n = 4 with r, = 1. Let L = L’(2k’; a; b), where k’ is odd, 
and let m: L’(2; a; b) + L be the covering projection. Consider two homomor- 
phisms 
H2(L7(2; a; b); 2,) $H’(L; 2,) , 
where t is the transfer map. Then t*r * = k’ on H*(L; Z,), hence the second 
Stiefel-Whitney class 
w2(L) = k’w,(L) = t *r*(w*(L)) = t*(wz(L7(2; a; b))) = t*(O) = 0, 
because L’(2; a; b) is parallelizable. Therefore L is a Spin mainifold. Letting 
p : L+ BSpin be a classifying map for the tangent bundle, the first and only 
obstruction to lifting to BO(8, . . . , m) is p*(x), where x E H4(BSpin; Z) g Z is a 
generator. By hypothesis (i), the first Pontrjagin class P,(L) of L is zero. Since 
the first Pontrjagin class P,(BSpin) of BSpin generates H4(BSpin; Z,) for all odd 
primes p, P,(BSpin) = *2qx for some q 2 1. So, 0 = P,(L) = p*(P,(BSpin)) = 
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L~~I_L*(x), so that p*(x) has even order in H4(L; 2) E Z,,.. Since t* rr* = k’ is 
not the zero map in H4(L; Z) z Z,,., 7r* is not the zero map. Hence, 7~* kills 
only odd torsion. Since L(2; a; b) is parallelizable, this obstruction dies in 
L’(2; a; 6), i.e., r*p*(x) =O. Hence, p*(x) =0 and L is stably 
parallelizable. 0 
5. Examples 
Kervaire and Milnor [8] showed that the diffeomorphism classes of k-spheres, 
k # 3, form a finite abelian group, denoted Bkr under the connected sum opera- 
tion. This group contains the subgroup bPk+, of those k-spheres which bound a 
parallelizable manifold, and bP, + 1 is a cyclic subgroup. The orders of these groups 
are as in Table 1. 
5.1. On the S-dimensional homotopy sphere 
Ewing et al. [3] showed the non-existence of a standard linear free Z,-action on 
the standard sphere S’ so that its orbit space, i.e., a classical lens space, is stably 
parallelizable. 
Let us consider a Z,-action T(b,, b,, b,, b,) on C4, where the bj’s are either 2 
or 3 so that 
bt+bi+b:+bi=l (mod5). 
Then, for any a = (a,, a,, a3, a4) of all different prime numbers satisfying a, 6, = 
a,b, = a,b, = u,b, (mod 5) (note that there are infinitely many such (a,)‘s), 2, is 
the standard 5-dimensional sphere (cf. [4, Satz 1.11) on which the free Z,-action 
T(b,, b,, b,, b4) is non-linear, and the induced lens space L(5; a; 6) is stably 
parallelizable. Furthermore, these lens spaces are not diffeomorphic to any 
5-dimensional classical lens space L(5; q,, q2, q3). 
5.2. On the 7-dimensional homotopy spheres 
It is well known (see [5]) that 
2,F1 + z2z2 + . . . + zszs = 1 ) 
z; + zik-l + z; + z; + z: = 0 
Table 1 
k 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18... 
6 1 1 ? 1 1 1 28 2 8 6 992 I 3 2 16252 2 16 16... 
bP,+, 1 1 ? 1 1 1 28 1 2 1 992 1 1 1 8128 1 2 l... 
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represents the element k * g, in bP,, where g, is a generator of the cyclic group 
bP,. Let p be a prime greater than 3, and let 
a = (3,6k - 1,2,2,2), b = (b,, b,, b,, b,, b5). 
To induce a stably parallelizable lens space, the equations 
a,b,=m(modp), llmsp-1 
and 
b: + bi + 6: + bi + 6: = 1 (mod p) 
must be satisfied, i.e., 
and 
b;+... + b: = (m/3)” + bi + 3(m/2)2 = 1 (mod p) . 
(6k-l).b,=m (modp), lsrnlp-1. 
These two equations give 
(*I (6k - 1)” = 36”;2mz (modp), lamsp-1. 
Note that (36m’ p) = 1 and (36 -31m2, p) = 1. To have a solution of the 
equation (*) for 6k - 1, the Legendre symbol 
36(36 - 31m2)-’ 
P 
for the quadratic residue must be 1, by Euler’s criterion. Elementary properties of 
the Legendre symbol give 
36(36 - 31m’)p’ 
P 
III (36 - 31m2)(~-1)‘2 
Hence, by Fermat’s theorem, the equation has a solution for some m, 15 m 5 
p - 1, if and only if 36 - 31m2 = kZ (mod p) for some k # 0 in Z,,, Now, we are 
interested in the number A4 of solutions of 36 - 31m2 = k2 (mod p), 15 k, 
m up - 1, i.e., solutions of (k/6)’ = 1 - 31(m/6)’ (mod p). Set s = k/6, t = m/6 
to get s2 + 31t2 = 1, and assume that p f 31. Then 
p-1 
= cz2 #(s2 = c) . #(3 lt2 = 1 - c) 
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where #(s* = c) is the number of solutions of s* = c, the same for #(31t* = d), 
and note that the Legendre symbol 
C 
0 1 
1 
P= 
ifs* = c has (exactly two) solutions, 
- 1 otherwise, 
so that #(s2 = c) = 1 + ($). But 
and 
by Jacobstal’s theorem; hence we get 
M=[P-3-2(F) ifi(P-l)iseven, 
I p-3 if$(p-l)isodd,p#31. 
If p = 31, then (6k - 1)’ = 36m2/(36 - 31~2~) = m2 (mod 31). Hence, k can be any 
number in Z,, except 6-l = 26. Since M 2 1 for p 2 7, there are 6k - 1, m, and 
b = (b,, b,, . . , b,) such that the induced lens space L(p; 3, 6k - 1, 2, 2, 2; b,, 
b,, b,, b,, bs) is stably parallelizable. Furthermore, if p > 7, there is a solution of 
x = k (mod 28) , 
x = 6-‘(by’m + 1) (mod p) 
by the Chinese Remainder Theorem. 
Theorem 5.1. Forp 25 prime, there is an action T= T(b,, b,, b,, b,, b5) on C5, 
and there are representatives, Z’,’ s, of all 28 diffeomorphism classes of the 
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7-dimensional homotopy spheres as submanifolds of C5 such that the restriction of 
T on each -C, is well defined and all induced lens spaces X0:,/T are stably 
parallelizable. 
Proof. We have proved this already for p > 7. Let p = 5, and take b = (2, 2, 1, 1, 
1) as a solution of 
bi + bz + b: + bi + 6: = 1 (mod 5) 
We choose a(k) = (21+ 22. .5k, 11, 2, 2, 2) so that ajb, = 2 (mod 5) for all j, and 
then A?(k) = (15 + 1Yk). g2 in bP, (see [6, Section 141). Since (19,28) = 1, the 
2 u&~, k = 1, 2, . . . ,28 represent the 28 classes of the 7-dimensional spheres, and 
all their orbit spaces L(5; 21 + llOk, 11, 2, 2, 2; 2, 2, 1, 1, 1) are stably 
parallelizable. Finally, for p = 7, fix an action T(b) on @” with b = (1, 1, 3, 3, 3), 
which is a solution of 
bt + bi + b: + bi + b: = 1 (mod 7) 
Note that (cf. [6, Section 141) 
-.Z oCkI, a(k) = (13, 69 + 182k, 2,2,2) represents 7kg, , 
2 +), a(k) = (13,279 + 182k, 2,2,2) represents (1 + 7k)g, , 
c +), a(k) = (13,419 + 182k, 2,2,2) represents (2 + 7k)g, , 
2 ackj, a(k) = (13,489 + 182k, 2,2,2) represents (3 + 7k)g, , 
c +), a(k) = (13,629 + 182k, 2,2,2) represents (4 + 7k)g, , 
s ackj, a(k) = (13, 41+ 182k, 2,2,2) represents (5 + 7k)g, , 
and 
2 +), a(k) = (13,111 + 182k, 2,2,2) represents (6 + 7k)g, 
in bP,. On all the listed spheres, the action T(b) is well defined and all their orbit 
spaces are stably parallelizable. 0 
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